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We study the motion of a classical spinning particle (with spin degrees of freedom described 
by a vector of Grassmann variables) in higher-dimensional general rotating black hole spacetimes 
with a cosmological constant. In all dimensions n we exhibit n bosonic functionally independent 
integrals of spinning particle motion, corresponding to explicit and hidden symmetries generated 
from the principal conformal Killing- Yano tensor. Moreover, we demonstrate that in 4-, 5-, 6-, and 
7-dimensional black hole spacetimes such integrals are in involution, proving the bosonic part of the 
motion integrable. We conjecture that the same conclusion remains valid in all higher dimensions. 
Our result generalizes the result of Page et. al. hep-th/0611083 on complete integrability of 
geodesic motion in these spacetimes. 
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I. INTRODUCTION 

Complete integrability and chaotic motion are two op- 
posite characteristic behaviors of any dynamical system. 
Whereas integrability is exceptional, only a very few sys- 
tems render this property, chaotic motion is generic. In 
the special case of Hamiltonian systems one has a no- 
tion of complete Liouville integrability, see, e.g., jl]. This 
means that the equations of motion are 'integrable by 
quadratures', i.e., that the solution can be found after 
a finite number of steps involving algebraic operations 
and integration. Mathematically this translates to the 
requirement that the Hamiltonian system with n degrees 
of freedom admits n functionally independent integrals of 
motion which are in involution, i.e, their Poisson brack- 
ets mutually vanish. This is possible only if the system 
admits a sufficient number of corresponding symmetries. 
Well known examples of completely integrable mechan- 
ical systems are, for example, the motion in the central 
potential, Neumann's oscillator, or the geodesic motion 
on an ellipsoid. In black hole physics one of the rather 
nontrivial examples of complete integrability is the inte- 
grability of geodesic motion in rotating black hole space- 
times in four [2[ and higher [3, \A\ dimensions. The sym- 
metry responsible for this result is encoded in the hidden 
symmetry of the so called principal conformal Killing- 
Yano tensor ■ 

In this paper we study integrability of a new system. 
Namely, we extend the result on complete integrability of 
geodesic motion in spherical higher-dimensional rotating 



black hole spacetimes |8[ by including into consideration 
the particle's spin. We demonstrate complete integra- 
bility of the "bosonic sector of motion" of a spinning 
particle described by the super symmetric classical theory 
|9l-[l8j where the spin degrees of freedom are described 
by Grassmann (anticommuting) variables^ Such a the- 
ory is physically very interesting. On one side it provides 
a semi-classical description of Dirac's theory of spin i 
fermions, while on the other side it is closely related to 
the classical general relativistic description of extended 
objects with spin, described by Papapetrou's equations 
19]. Our work thus provides a new example of integra- 
bility which is both nontrivial and physically interesting. 

In the next two sections we briefly recapitulate the 
classical theory of spinning particles and review the ba- 
sic properties of higher-dimensional rotating black hole 
spacetimes. Then we present the new bosonic (quadratic 
in momenta) integrals of spinning particle motion in all 
dimensions and demonstrate that in 4-, 5-, 6-, and 7- 
dimensional black hole spacetimes such integrals guar- 
antee complete integrability of the bosonic sector of the 
spinning particle motion. Our conjecture is that the same 
conclusion remains true in any dimension. We conclude 
with open questions and future possible directions. The 
detailed calculations will be presented elsewhere (2pj |. 



1 In this paper we do not discuss fcrmionic equations of motion. 
* dkubiznak@perimeterinstitute.ca Such equations are already of the first order, however their inte- 

t |marco@ieeb.utop.br| grability might require a separate analysis. 
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II. CLASSICAL SPINNING PARTICLE 

We describe the spinning particle by a classical the- 
ory which is a worldline supersymmetric extension of 
the ordinary relativistic point-particle [H-[l8[ . In n num- 
ber of spacetime dimensions, we denote the particle's 
worldline coordinates by x a (a = 1, . . . , n) and describe 
its spin by a Lorentz vector of Grassmann-odd coordi- 
nates 9 a (a = l,...,n), where a is a vielbein index. 
That is, the motion of a particle is described by a curve 
t h-> (x(t), B(t)),t G R and is governed by the following 
equations of motion: 



D 2 r a i 

' = x a + rj^xPxi = -R a 



dr 2 
D6 a 

"d7 



2 
0. 



(2.1) 
(2.2) 



Here and 0Jp a b are the Levi-Civita and spin con- 
nections, respectively, and R a pjs is the Riemann ten- 
sor. The first equation is an analogue of the classical 
general-relativistic Papapetrou's equation, which gener- 
alizes the geodesic equation for an extended object with 
spin, whereas the latter equation expresses the simple 
requirement that, in absence of interactions other than 
gravity, the spin is constant along the motion of the par- 
ticle. The equations of motion can be derived from the 
Lagrangian 



1 7 F)f)^ 



(2.3) 



The theory possesses a generic supercharge Q, 

Q = 6 a e a a U a , (2.4) 

which obeys 

{H,Q} = 0, {Q,Q} = -2iH. (2.5) 
Here, H is the Hamiltonian, 

h = in Q n /35 Q ' 3 , n a = Pa - ~9 a 6 b u aab = 9a ^ ,(2.6) 

e a Q denotes the vielbein, p a is the momentum canonically 
conjugate to x a and the Poisson brackets are defined as 

where ap is the Grassmann parity of F. For practical 
calculations it is useful to rewrite these brackets in a co- 
variant form jl5j 

(Fr\-n F dG dF n r+ W» dF dG 



+ [ } do«do a : 



(2.8) 



where we have used the phase space covariant derivative 

3F f)F 

d ci f = d a F - u aab e h Wa + r^Hy— . (2.9) 



Equations of motion are accompanied by two physical 
(gauge) conditions 



2H 



-1, Q = 0. 



(2.10) 



which state that r is the proper time and the particle's 
spin is spacelike. 

An important role for the spinning particle in curved 
spacetime is played by non- generic superinvariants, i.e., 
quantities that Poisson commute with the generic super- 
charge. More specifically, a superinvariant S is defined 
by the equation 



{Q,S} = 0. 



(2.11) 



Existence of solutions of such an equation imposes non- 
trivial conditions on the manifold. (The manifold has 
to possess special symmetries such as Killing vectors or 
Killing- Yano tensors, for example.) It follows from the 
Jacobi identity that any superinvariant is automatically 
a constant of motion, {H, S} — 0. At the same time 
quantity {S, S} is a 'new' superinvariant and a constant 
of motion (which may, or may not be equal to H). Hence, 
superinvariants correspond to an enhanced worldline (su- 
per) symmetry. 

Linear in momentum superinvariants were studied in 
[l^,[l^]. In particular, when the following ansatz for the 
superinvariant is used: 



— a a P-i,.,°> 



(P+1) 2 



p-i, ,a TT 
a\ . ..a,p—i AA a 

r\..9 a ^Q ai ... ap+1 , (2.12) 



one finds that p-form to has to satisfy the Killing- Yano 
equation 



V 7 aj ai ...Q p — V 



1 



[7 W «i...a P ] — — —{d UJ )ia 1 ...a p , (2-13) 



and that u = duj. Hence, to any Killing- Yano ten- 
sor u> there is a corresponding superinvariant Q w given 
by (|2.12p . Conversely, any superinvariant linear in mo- 
menta obeying (|2. 1 1|) is given by a Killing- Yano tensor 
and takes the form (f27T2]> [H,[l6|. 

In what follows we shall construct quadratic in mo- 
menta superinvariants and demonstrate that they enable 
us to integrate the bosonic sector of the spinning particle 
motion in the general rotating black hole spacetimes in 
higher dimensions described in the next section. 



III. ROTATING BLACK HOLE SPACETIMES 

We are interested in the motion of a classical spinning 
particle in the vicinity of a general rotating Kerr-NUT- 
(A)dS black hole spacetime in higher dimensions Q. We 
parametrize the total number of spacetime dimensions as 
n = 2N + s, where e = 0, 1 in even and odd dimension, 
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respectively. The euclidean version of the metric can be 
written in an orthonormal form 



where we have introduced the basis E a = {E^, E }, 

N-l 

(3.2) 



'Q 



3=0 

e° = vsj2 AU)d ^- 



Here, coordinates x^ 0=1,..., iV)0 stand for the (Wick 
rotated) radial coordinate and longitudinal angles, and 
Killing coordinates ipk (k = 0, . . . , N— 1 + e) denote time 
and azimuthal angles associated with Killing vectors 



We have further defined the functions 



u u 



s = 



(3.3) 
(3.4) 



^ = E 



AW 

l k ■ (3-5) 



x 



vx<-<v k 



The quantities A M are functions of a single variable a;„, 
and c is an arbitrary constant. The vacuum (with a cos- 
mological constant) black hole geometry is recovered by 
setting 



v., c '- •'■ 



Ik 



2b fl x^ 



l-£ 



EC 



(3.6) 



k—e 



The constant cat is proportional to the cosmological con- 
stant and the remaining constants are related to angular 
momenta, mass, and NUT parameters. 

The dual vector frame E a = {E^, E^, Eq} reads 



f_ x 2\N-l-j 



En = 



VSA( N ) 



d,i. 



(3.7) 



Besides the Killing vectors (|3.3p . the metric (13. ip 
possesses a hidden symmetry of the principal conformal 
Killing- Yano tensor 0t3| • In the basis (|3.2[) the principal 
conformal Killing- Yano 2-form reads 



(3.8) 



2 In the following Greek indices of the type /x, v, . . . , from the mid- 
dle of the alphabet, will take values 1, , N, while Greek indices 

of the type a, /3, from the beginning of the alphabet, will take 
values 1, .... n. 



This tensor generates the tower of Killing- Yano tensors 
[obeying ([2T3]) ] 



N 

g = Y, <8> E» + E^ $ E*} + eE° <g> E° , (3.1) f(j) = *h Aj 



1 



iV(n-2j-l)! 



(h A ... Ah) , (3.9) 



which, in their turn, 'square' to the 2nd-rank Killing ten- 
sors 

ify) = ^ (E» ® E^+E* 1 ® £ A ) + eA w i; ® £° . 

(3.10) 

Obviously, -fQo) coincides with the metric and hence it is 
a trivial Killing tensor which we include in our tower; so 
we take j = 0, . . . , N — 1. 

It was demonstrated in [H, H| that explicit symmetries 
and hidden symmetries -KVj) guarantee complete in- 
tegrability of geodesic motion in these spacetimes. We 
shall now demonstrate that this result can be extended 
to the spinning particle theory. 



IV. QUADRATIC SUPERINVARIANTS 



The rotating black hole spacetime (|3 . 1 1) admits natu- 
rally the following (N + e) bosonic linear in velocities su- 
perinvariants (12.12)) corresponding to the isometries &m , 



(4.1) 



Besides these it also admits N linear in velocities 
superinvariants (|2.12p associated with the Killing- Yano 
symmetries (|3.9[) . However, such superinvariants are not 
what we are after because of two reasons. First, such 
invariants are not in involution. In fact one can show 
that in even dimensions, where such superinvariants are 
fermionic, their Poisson brackets do not close and gen- 
erate an extended superalgebra, c.f. [17| . Second, such 
integrals are not 'invertible' for velocities. This stems 
from the defining property of the Grasmann algebra and 
the fact that the term in (|2.12p involving velocities con- 
tains also 6>'s. 

To circumvent these difficulties we seek new bosonic 
superinvariants such that their leading (quadratic 
in velocities) term contains no 9's and is completely de- 
termined by the Killing tensors , p.lOp : 

£y) = xgn^ + c^u a + m U) , 



M (j) =9 a 9 b 9 c 9 d M {j)abcd .(4.2) 



In the absence of spin, such quantities reduce to the 
quadratic integrals of geodesic motion, responsible for 
its complete integrability. 

A quantity K, of the form (|4.2I) is a superinvariant (for 
the moment we have dropped the index j), i.e., obeying 



{Q,ic} 



-9 a D a IC-iU a 



dJC 
09^ 



0. 



(4.3) 
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provided that the following three equations are satisfied: 
V^K a fj + 2iL( Q | 7 | /3 ) = , 
UM lSa p + V [5 i Q(3]7 = , (4.4) 
dM = . 

Obviously, the last condition is a trivial consequence of 
the second and we do not have to discuss it anymore. The 
second equation implies that 4iM 7 sa/3 = VhyLs a m, i.e., 
once L a pj is known then M a p 7 g is also determined. The 
remaining information in the second equation expresses 
the requirement that 

= V[5L Q( g 7 ] . (4.5) 

Since L a p^ is not completely antisymmetric, such a con- 
dition is highly non-trivial. 

In the Kerr-NUT-(A)dS spacetimes we try the follow- 
ing ansatz for a solution of these equations: 

TSCtf} _ fCMl...Kp-l ffl 
ly — J J «l...K y _l ) 

W = Af [alKl ... Kp _ ll (df) 0] ^-^ 

+ B(df) a0Kl ... Kp _ 1 P^-^-\ (4.6) 
i 

Mafias = —-\/[ a Lp lS ] . 

Here, f ai ...a p is a corresponding rank-p Killing- Yano ten- 
sor and constants A and B are coefficients to be deter- 
mined 

Using the explicit form of the Kerr- NUT- (A)dS metric 
(|3.1[) and Killing- Yano tensors /(.,), (I3.9|) . therein one 
can show [20| that Eq. (|4.5I) is satisfied when A = B. 
The first Eq. (|4.4[) then fixes the total coefficient and we 
recover 

A = B = --^-. (4.8) 
p + 1 

With this choice of coefficients the quantities 1Cu\, given 
by (|4.2I) and (j4.6[) . are superinvariants and hence also 
constants of spinning particle motion in Kerr-NUT- 
(A)dS spacetimes in any dimension|f| 

V. INTEGRABILITY 

We shall now use the newly constructed superinvari- 
ants to prove Liouville integrabihty of the bosonic equa- 
tions of the spinning particle motion. Our conjecture 



3 This formula generalizes the formula given in fl5ll for a p = 2 
Killing- Yano tensor /, in which case one can obtain the expres- 
sion for K. as 

IC = {Qf,Qf} (4.7) 
with Q f being the linear superinvariant l j2.12[l , and one has A = 
B = —2i/3. For higher-rank Killing— Yano tensors / we are not 
aware of any corresponding relation. 

4 It is interesting to remark here that in order to prove this fact 
it is not enough to consider the Killing— Yano equation and its 
integrabihty condition; one has to use the explicit form of the 
metric as well as of the Killing- Yano tensors therein. 



is that in Kerr- NUT- (A)dS spacetimes in any dimension 
the following quantities: 

{H, /C(i), . . . ,/C(jv-i), Qgco) , • ■ • , Q^n-i+s)} , (5.1) 

form a complete set of bosonic integrals of spinning parti- 
cle motion that are functionally independent and in invo- 
lution with respect to the Dirac-Poisson brackets (12.71) — 
making this motion completely integrable. 

The functional independence of these constants of mo- 
tion follows from the independence of the correspond- 
ing Killing vectors (|3.3p . and Killing tensors K(j\, 
plO]) : c.f. 0. 

To prove the involution we have to show that for any 
k, I one has 

{Qs m ,Qt w } = 0, {<3« W :%)} = °: {%)>%)} =°- 

(5.2) 

Each bracket corresponds to several terms, characterized 
by a number of fermionic and momentum coordinates, 
which have to vanish separately. In the zeroth-order in 
6?'s one recovers the Schouten-Nijenhuis brackets of the 
corresponding tensors. All such brackets vanish due to 
the result on complete integrabihty of geodesic motion. 
The first Poisson bracket (|5.2j) . , }, contains an 

additional term quadratic in 9's. Using the integrabihty 
condition for Killing vectors and various Bianchi identi- 
ties one can show that this term automatically vanishes 
when the two Killing vectors commute, i.e., when the 
zcroth-order term vanishes. Hence we have shown that 
the first condition (|5.2I) is satisfied in all dimensions. 

The situation is more complicated with the other two 
brackets in (|5.2p . The second condition in (|5.2I) im- 
poses two highly non-trivial equations, the third imposes 
three equations (see [2(| for more details). One can show 
that such equations are not automatically satisfied when 
the corresponding Schouten-Nijenhuis brackets vanish. 
Hence they represent additional requirements (in addi- 
tion to the requirements imposed by complete integra- 
bihty of geodesic motion) which have to be satisfied in 
order for the bosonic part of spinning particle motion to 
be integrable. Due to their complexity we have not tried 
to verify such equations analytically. However, we have 
checked that they are satisfied in 4, 5, 6, and 7 dimensions 
using the Maple software, proving complete integrabihty 
in these cases. Since there are no special features that 
depend on the actual dimension of spacetime we have 
reasons to strongly believe that all three equations (|5.2[) 
are valid in any dimension. 

Let us finally write down the expressions for the spin- 
ning particle momenta in the tetrad basis. Writing 

p = ppE" + p^E* + ep E° , (5.3) 

we find that the momenta can be written in terms of the 
constants of motion ^ = Kj = kq = H = 
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1/2, as follows, c.f., 0: 

f_ x 2\N-l-k 

^E — ± y u (** + iP&WwU) , 

(5.4) 



The last components of the momentum, pp_, are given 
by the solution of the (unfortunately coupled) system of 
equations 

«i = E [4 i} (Pl +PD + C U)P» + 4)^a" 

+e(A^ + rg. ) p )+ J M (j - )) (5.5) 
with and M u) given by 015]) and QHHJ) . 

VI. DISCUSSION 



In this paper we have constructed new bosonic 
quadratic in velocities integrals of spinning particle mo- 
tion in higher-dimensional rotating black hole spacetimes 
of any dimension. We have further demonstrated that in 
4, 5, 6, and 7 dimensions such integrals together with the 
integrals corresponding to Killing symmetries are func- 
tionally independent one of another and mutually Pois- 
son commute — hence they guarantee Liouville integrabil- 
ity of the bosonic part of the spinning particle motion in 
this case. We conjecture that this remains true in any 
dimension. Let us emphasize that in this paper we have 
not dealt with the fermionic part of the motion, its in- 
tegrability would require a separate analysis. Hence the 
question of complete integrability of the whole (bosonic 
and fermionic) system of spinning particle equations of 
motion remains open. We might comment, however, that 
there are reasons to suspect that the system might be 
fully integrable. The Dirac equation in fact, which cor- 
responds to the quantised system, is solvable in these 
metrics and admits separation of variables [2l|, [22| ■ Also 
to achieve such separation of variables it is enough to use 
a set of n mutually-commuting operators, as many as the 
Poisson commuting functions that we have discussed in 
this paper. 



The obtained results raise various interesting ques- 
tions. Is it possible to formulate the Hamilton- Jacobi 
theory for the spinning particle and derive the demon- 
strated integrability as a consequence of separability of 
the Hamilton- Jacobi equation, similar to the geodesic 
case [2, HI? Even more interestingly, is it possible to 
exploit the close relationship between the discussed spin- 
ning particle theory and the classical general-relativistic 
theory of spinning objects described by Papapetrou's 
equations? Formally, such equations are obtained by re- 
placing —iO a 9 h with the spin tensor S ah . [It can be explic- 
itly checked that —id a 8 b satisfy the correct Lie algebra 
of the Lorentz group under Poisson brackets.] After this 
identification Eqs. (|2.1|) and (|2.2|) become Papapetrou's 
equations with the particular choice of supplementary 
condition: 



dr 2 



2 v 



DS^ 
dr 



0. 



(6.1) 



Under such a transition, linear superinvariants (|4. 1[) 
translate into the full integrals of motion for Papa- 
petrou's equations (|6.ip . However, even in the Kerr- 
NUT-AdS black hole spacetimes the new quadratic su- 
perinvariants (|4.2[) become only approximate integrals — 
to a linear order in the spin tensor S ab . This highlights 
the difference between the two theories. An interesting 
question is: is it possible to 'upgrade' these invariants 
to provide full quadratic integrals of motion in Papa- 
petrou's theory? Similarly, can we infer some properties 
of the Dirac equation in these spacetimes? Dirac's the- 
ory is formally recovered when one replaces #'s with 7 
matrices and n's with the spinorial derivative. A natural 
question is: are the second order operators corresponding 
to superinvariants (|4.2[) symmetry operators of the Dirac 
operator? These are just a few interesting questions left 
for future work. 
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